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Abstract: Wind energy is emerging as the most promising sustainable energy source due to its abundant resources
and environmental benefits. One of the most essential parts of a wind turbine system is the tower, as it is responsible
for supporting the weight of the tower top and the loads given by its environment. The preliminary design of the
tower section of the wind turbine system is crucial to ensure the system's safety, and a simplified formula is needed
to make it more practical. A comprehensive series of ultimate strength analyses on tapered pipes was performed to
optimize the tower design, involving the variation and cross-combination of numerous geometric and material
parameters. A total of 900 tapered pipe configurations were assessed using finite element method (FEM) analysis
via the ABAQUS/CAE program. In the case of tapered cylindrical shells length variations, there was an increase in
bending moment from the plastic deformation phase to the critical phase of 29%, 31%, and 39% for pipes measuring
50 m, 30 m, and 10 m, respectively, with the highest ultimate moment of 278.7 kN-m achieved at a pipe length of
50 m. The ultimate bending moment values were then formulated through regression analysis, resulting in a derived
formula to predict the ultimate bending capacity of tapered pipes for wind turbine structures. The findings revealed
that varying multiple parameters significantly impacted the ultimate strength and critical failure modes of the tapered
pipe. The newly developed formula showed good accuracy, providing a reliable tool for design predictions.

Keywords: Tapered tower pipe; Ultimate strength; Bending moment; Non-linear regression; Derived formula

Highlights:

FEM analysis on a 900-tapered pipe model under pure bending load.

Analysis of the effect of the geometric and material factors on a tapered pipe under pure bending load.
Regression analysis of the tapered pipe's ultimate moment to produce a forecasting formula.

The validation of the derived formula shows an error margin below 10%

The newly derived formula has proven to be an efficient tool for simplifying the wind tower design process.

1. Introduction

World demand for energy has consistently surged on a global scale for the last decade due to rapid
urbanization and economic development (Liu et al., 2017; Faizatama et al., 2025a). Several options exist
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to fulfill the increasing need for energy, but some come at an environmental cost (Patil et al., 2023).
Burning fossil fuels for energy production is a significant contributor to environmental pollution,
exacerbating the already devastating effects of global warming. Moreover, the depletion of fossil fuel
reserves, such as coal and oil, is also becoming a significant problem in meeting the worldwide energy
demand. With the United Nations' target to achieve net zero emissions by 2050, many countries began
to increase their interest in the adoption of renewable energies as a potential solution to these issues
(Ahmed et al., 2024; Mandal & Reddy, 2025; Zhang et al., 2025). Carbon emissions created to produce
energy using renewable energy are very small (Prabowoputra et al., 2020; Prasetyo et al., 2022; Shame
et al., 2025; Zhang et al., 2025). With that in mind, renewable energy, such as wind energy, is considered
to be one of the promising renewable energy options (Michael et al., 2021; Ren et al., 2022; Adiputra et
al., 2023; Fauzi et al., 2024; Wijaya et al., 2025; Budisetyawan et al. 2025; Faizatama et al., 2025b).

Wind energy is considered one of the most promising forms of renewable energy due to its abundance,
sustainability, and low environmental impact (Al Kautsar et al., 2024). Wind power harnesses natural
wind patterns to generate electricity without emitting greenhouse gases or consuming finite resources. It
is a vital solution for combating climate change and reducing reliance on fossil fuels. Wind energy can
be harvested from two sources, onshore and offshore systems, as depicted in Figure 1. Onshore wind
systems, located on land, are generally more accessible and less expensive to install and maintain, making
them a popular choice for many regions. However, offshore wind systems situated in bodies of water
offer significant advantages due to more robust and consistent wind speeds, leading to higher energy
yield. These offshore systems can generate more power and are ideal for countries with limited land
space, as the availability of surface area in the ocean is higher, which means a more significant potential
for installation (Dvorak et al., 2010; Yanez-Rosales et al., 2024). Both systems can make a significant
contribution to the global transition towards cleaner energy.

(a)

Figure 1. Wind Turbine Systems: (a) Onshore systems; (b) Offshore systems (Rehling et al., 2023; Sun
etal., 2012).

Wind energy is site-specific based on its capacity, as the site on which the system is situated can
affect the wind strength. A typical wind turbine system can be broken down into three main components:
the rotor, nacelle, and tower (Hernandez-Estrada et al., 2021). The wind tower itself is an integral part of
the structure, which is used to support the weight of the tower top and the loads generated by the force
of the wind and its environmental conditions (Xu et al., 2021).

-

Figure 2. Wind turbine failure due to high wind speed (Chen et al., 2015; Yu & Amdahl, 2023).

As an integral component of a wind turbine system, the tower structural design is the structural design
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of the tower is a crucial concern in the development process. Wind turbine towers are prone to failure
without an adequate design capable of withstanding environmental effects such as high wind speeds, as
shown in Figure 2. For this reason, the preliminary design of the tower section is critical to ensuring the
system's safety and stability in energy generation. During the design stage of the wind tower, a formula
is required to simplify the process and prevent the tower from buckling.

Studies have been proposed on the formulation to optimize cylindrical shells used for wind towers.
Fajuyigbe and Brennan (2022) proposed a formulation to calculate the limit bending moment of cracked
cylindrical shells used for offshore wind turbine monopiles. Yang et al. (2022) proposed extrapolation
methods and empirical formula for estimating wind loads in wind towers under varying wind speeds.
Huang et al. (2022) proposed a geometric optimization of a hybrid wind tower design using a genetic
algorithm. Several others have formulated the formula for the ultimate strength of curved panels used in
wind tower construction. Kim et al. (2014) studied the fundamental buckling and collapse behaviors of
cylindrically curved plates under varying loads to formulate a simple formula using regression. Park et
al. (2018) investigated the cylindrically curved plate under axial compression and lateral load to create a
formula to predict the ultimate strength derived from Faulkner’s formula. Kim et al. (2024) proposed an
empirical formulation to predict the ultimate limit state of curved plates under compression. Despite the
fact that earlier studies have proposed empirical formulations, extrapolation methods and geometric
optimisation approaches for analysing the ultimate strength of cylindrical shells and curved panels in
wind towers, no research has specifically addressed the ultimate bending capacity of tapered cylindrical
shells or tapered pipes. This highlights a significant research gap in the provision of pragmatic design
formulations for tapered wind turbine towers.

This study makes a novel contribution by explicitly investigating the coupled influence of taper ratio
and shell slenderness on the ultimate bending capacity of tapered wind turbine towers, an area that has
not been addressed in previous research. In order to achieve this objective, a broad and feasible design
space was curated to represent realistic tower configurations, incorporating variations in both geometry
and material properties that reflect practical design considerations. Within this space, a comprehensive
finite element dataset comprising 900 models was generated using ABAQUS/CAE, systematically
constructed by varying and cross-combining tower length, length-to-bottom diameter ratio, upper-to-
bottom diameter ratio, bottom diameter-to-thickness ratio, and yield stress level. Each model was
subjected to bending loads in order to capture the ultimate bending response. This enabled the distribution
pattern of bending capacity to be mapped across the full design space. This offers insights beyond those
obtained from simplified cylindrical or panel-based studies. The numerical dataset was then analysed
using regression techniques to establish a compact empirical relation expressed entirely in terms of
geometric ratios. This relation captures the coupled influence of taper and slenderness. It also provides a
simplified yet reliable means of predicting ultimate bending capacity without reliance on exhaustive
simulations. The derived relation was then verified against the finite element database to determine its
accuracy and applicability limits, ensuring its value as a practical tool for preliminary design while
simultaneously bridging the gap between detailed numerical simulations and design-oriented
formulations for tapered wind turbine towers.

2. Literature Review

The behavior of cylindrical shells under bending load can be governed by a set of equations derived
from previous study. These equations describe the relationship between stresses, strains, and
deformations, considering the geometry and material properties of the shell structure. The governing
equations are described in the following sections.

2.1. Nonlinear Kinematics of Cylindrical Shells

According to a study by (Som & Deb, 2014), nonlinear buckling of thin cylindrical shells involves
the analysis of kinematics and complex stress relationships. The main strains under prebuckling
conditions are formulated as Equation (1).

— 2 _Wo 1, —
Exo = Upx T+ EWO,x 7 €y0 = 7 + EWO,y; Yxyo = (vo,x + uo,y) + Wo,xWo,y €))

These strains relate the displacements u,, vy, and wy to the geometric parameters of the shell under
prebuckling conditions. For the perturbation condition, the strains are formulated by considering both

linear and nonlinear contributions as Equation (2).
Wy
Ex1 = Upyx T Wo Wy x5 E&y1 = N1y + zwo,ywl,y » Yyl

2
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This strain takes into account the interaction between prebuckling deformation (w,) and perturbation
(wy). The curvature (K) of the shell is represented by the relationship Equation (3).

Kyi = —Wixx; Kyi = Wiyy, nyi = ~Wixy 3

This relationship describes the local geometry variation of the shell due to deformation. The
constitutive relationship for membrane stress is given by Equation (4).
1-v
Ny = C(‘gxi + vgyi); Nyi = C(syi + vsxi); nyi =C (T) Yyxi “4)
The parameter C is the elastic modulus of the membrane, which depends on Poisson's ratio (v). For
the bending moment, the constitutive relationship is expressed as Equation (5).

My; = D(Kyi + vKy;); My; = D(Ky; + vKy);

(%)
Mxyi = D(l - V)nyi; Qxi = Mxi,x + Mxyi,y
The solution for the prebuckling radial deformation W,, follows Equation (6).
— x x x x
Wy = 2avyN[1 + A; sin (%) sin.h (%) + A, cos (%) cos.h (%) (6)

These parameters include constants A; and A, calculated through boundary conditions, as well as
geometry and material parameters. The kinematic relations (Egs. 1 - 6) establish the fundamental strain—
curvature expressions that serve as the local geometric basis in the FEM formulation. Subsequently, these
models are reformulated within the framework of the finite element method (FEM) to account for the
geometric non-uniformity of tapered shells.

2.2. Theoretical Strength Estimation for Cylindrical Shells in Bending

The primary deformation characteristic of a cylindrical shell subjected to bending is ovalization,
whereby the initially circular cross-section progressively flattens into an oval shape. This phenomenon,
known as the Brazier effect, significantly reduces bending stiffness and governs the onset of collapse.
For long shells with restrained ends, Timoshenko and Gere (1985) demonstrated that the corresponding
critical stress, (g¢g), can be determined from Equation (7). The following strength estimations (Egs. 7 -
9) describe the elastic limit conditions of thin cylindrical shells, providing analytical references for
evaluating how taper-induced stiffness variations influence the elastic response in the present study.

Et
(7

ocR = r3(1 —v?)

For thin-walled pipes subjected to a bending moment load, the maximum stress can be calculated
using Equation (8) (Polenta et al., 2015).
M, = nrito, (8)

In the case of a thin-walled pipe experiencing buckle bending load, the moment it reaches the critical
point can be determined by integrating Equations (4 and 5). Assuming the material is steel with a
Poisson's ratio of 0.3, the critical moment can be found using Equation (9) (Adie et al., 2023).

Mcg = ocgmr?t = 0.605nET2%t )

Previous studies on pipes under bending loads, as conducted by Brazier (1927), Chwalla (1933),
revealed that their findings spanned a range of values between 0.55 and 1.3 times the values derived from
Equation (9).

The previous equations can be used to estimate the critical moment, but they are insufficient to
calculate the actual critical moment of a circular pipe. This is because the critical moment is also
influenced by other factors, especially the ratio of the pipe's diameter to its thickness, which plays a vital
role in determining the essential moment, a critical geometric consideration. Despite being derived for
prismatic shells, (Egs. 7 - 9) remain valuable as reference benchmarks for interpreting the FEM responses
of tapered shells.



2.3. Bending Moment of Cylindrical Shells

The plastic moment relations (Egs. 10 - 11) define the classical full-plastic capacity of thin-walled
cylindrical shells, originally derived for ideal elastic—plastic materials under small-displacement
assumptions. These formulations, based on the work of (Sadowski & Rotter, 2013), establish benchmark
conditions for validating the FEM-derived plastic capacity of tapered shells. In the context of the present
study, they serve to bridge the transition from idealized prismatic behavior to geometrically non-uniform

configurations.
3

4 t t\3
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This equation is derived from the analysis of tube cross-sections considering an even distribution of
plastic stresses across the cross-section when the maximum bending moment is reached. The model
assumes small deformations, where the deformation of the tube is considered not to change the geometry
of the cross section significantly. These equations form the basis for understanding the limits of a tube's
ability to withstand bending loads before undergoing permanent and significant plastic deformation.

Accordingly, the use of M, as a dependent variable in the regression model is well justified.
The study by (Mork et al., 1997) also modeled the bending moment as Equation (11).

D
M, = |1.05 — 0.0015—| 0, D?¢ (11)
t

2.4. Reference Resistance Design

The Reference Resistance Design (RRD) framework provides a unified analytical approach for
evaluating the elastic—plastic resistance of cylindrical shells under bending This is based on the study of
(Wang et al., 2020), which presents the RRD framework developed by Rotter (2016a,b). the framework
defines two reference moments R,,; = My, and R, = M, representing the plastic and elastic buckling
limits, respectively. Neglecting length effects, these resistances can be expressed through small-
displacement formulations (Eqgs. 12 - 13). Within this study, the RRD concept is employed as a theoretical
benchmark to interpret how taper-induced geometric nonuniformity modifies the transition between
elastic, inelastic, and plastic regimes.

1 r
Mpl=<4r t+§t)a ~ 4r? tayasz—>oo (12)

M L pre? (13)
=———Fr
T BA=vD)

Where o, is the yield stress, E is the modulus of elasticity, and v is Poisson's ratio. The RRD
framework is based on the basic relationship between the characteristic failure resistance of a system (y)
and the dimensionless ramping (1), illustrated by Rotter (2005;2007). The most proper form of the
capacity curve function is shown in Equation (14) (Feliciano et al., 2018; Rotter, 2011).

x()

A . R (1)

Xn — (—) (xn — 1) = 1< A, (plastic) » where y = ——
2-0 Rpl

1 2= 29 \" Ao <A< A, (el.pl 2 =AY (A (9
— - - =
= ,8/1_/10 0 < (el.plas) - n(2) = ng My FRESR

1 & 2, < A (elastic) - 2, 26M md A= ’”
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The elastic reduction factor (a;a;) accounts for geometric nonlinearity and imperfection sensitivity,
with a; for a perfect shell. The plastic span factor (f) determines the onset of inelastic influence for
slender below 4, which limits Class 3 noncompact and Class 4 slender, while 4, indicates the full plastic
moment (M,,;) at the boundary between Class 2 compact and Class 3 noncompact.

Resistance can be described in four behavioral domains, differentiated by cylinder length and
expressed in dimensionless form, as shown in Equation (15) (Rotter et al., 2014). The RRD framework
is employed as a reference tool not directly implemented in the regression but it serves to guide the
interpretation of elastic - plastic transition zones observed numerically.
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2.5. Transversely-Isotropic Elastic Under Bending

Initial Stability and Ovalization. The buckling phenomenon in elastic cylinders subjected to
bending can be understood through the critical longitudinal stress condition that occurs at the ovalization
section of the cylinder. Based on Donnell's buckling theory for cylindrical shells (Brush et al., 1975),
buckling conditions occur when the longitudinal stress around the cylinder reaches a critical value, such

as Equation (16).
0 = () (16)

v/ 3(1 —v?) \Teo
These equations relate the material properties (E and v) with the geometric parameters of the cylinder
(t and ry) to determine when buckling occurs. Cylinders with small thickness or large radius have lower
critical stress values, thus are more prone to buckling (Brazier, 1927). In addition, the critical buckling
wavelength is given by Equation (17).

axi _ Ty Teol a7n
¥ = it - v

where LE* is the buckling half-wavelength. This wavelength depends on the local radius rh, thickness

t, and Poisson's ratio v. This equation shows that the longitudinal buckling pattern has sinusoidal
characteristics, with a wavelength that depends on a combination of material properties and cylinder
geometry (Stephens et al., 1975).

Deformation Tensor and Virtual Working Principle. In the stability analysis of the elastic cylinder,
the material deformation is defined using the deformation velocity tensor (dy;), which is the symmetric
part of the velocity gradient as shown in Equation (18).

1
dig = > (Vm/z(Gm “Gi) + Vi i (G™ - gz)) (18)

where V., is the covariant derivative of the velocity vector component with respect to the reference
basis, G™ is the covariant basis vector in the reference configuration, g, is the covariant basis vector in
the deformed configuration. This equation describes how deformation is represented through the change
in relative velocity between the covariant basis in the initial and deformed configurations.

Virtual Work Principle. Mechanical equilibrium is expressed through the virtual work principle,
which states that the internal work due to the variation of virtual displacement must be equal to the
external work, which is mathematically written in Equation (19).

8Uy; (G- g )t dv, = f(su -tdB, + M50 (19)
Vo B

where 8§U;; is the virtual displacement variation, 7% is the Kirchhoff stress tensor, t is the surface
force, M is the bending moment, §6 is the rotation angle variation of the cylinder tip. The virtual
displacement variation §U; /; is described as Equation (20).

d(du)

Constitutive Relationship. In the context of hypoelasticity, the constitutive relationship between the
Kirchhoff stress tensor (%) and the deformation velocity tensor is given as Equation (21), with RY*! as
the instantaneous modulus tensor.

i = Riklg,, (21)

Alternatively, for hyperelastic materials, the relationship between the second Piola-Kirchhoff tensor
(8) and the Kirchhoff tensor () is expressed as Equation (22), where F is the deformation gradient.

T =FSF’ (22)

The component ¥/ in the deformed configuration can be expressed as Equation (23). Assuming
convected coordinates Equation (24) applies.

/(9:®9;) = F[s"(6:®G;)|F" 23)
U = §i (24)

The virtual working principle can be rewritten with the second Piola-Kirchhoff tensor as Equation
6
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8Uy,; (G* - g)SYav, = f(SU “tdB, + M&6 (25)
B

Vo
The relationship between the Lagrange-Green strain tensor and the second Piola-Kirchhoff tensor (S)
is formulated as Equation (26). with DYU*! as the fourth-order stiffness tensor.
S = pUkE,, (26)

The time derivative of this relationship is Equation (27), From continuum mechanics is given as
Equation (28), which in covariance coordinates yields Equation (29).

E = F'dF 27)

Representation of Deformation and Ovalization. In the numerical model of an anisotropic cylinder,
the deformation of the deformed configuration is described in a finite element formulation based on
longitudinal and circular discretization. The position of a point in the deformed configuration is expressed
as a combination of translational and rotational displacement at the node, as well as local deformation.
The formulation is given as Equation (30).

3

X©,6,0) = ) [(X® +7%(6) + pn®(0) + pr(0)el )NV )] 29

k=1

where X® is the (k)-th node position, 7 is the cross-section reference position, n*)(8) is the in-
plane normal displacement. The interpolation function N®(¢) is used to numerically represent the
circular displacement.

To describe ovalization and other deformations in the circular direction, the displacement functions
w(h), v(h), u(h), and c(h) are described in Fourier series. The radial displacement function w(h) is
given by Equation (31).

w(h) =ay + a;sin-h + Z a,cos - nh + Z a,sin - nh (30)
n=2,4,6,.. n=35,7..
While the longitudinal displacement v(h) is formulated as Equation (32).
v(h) = —a;cos-h + Z b,sin -nh + Z b,cos - nh (31)
n=2,4,6,... n=3,57...

u(h) tangential displacement that represents ovality is shown in Equation (33).

u(h) = Z cpcos *nh + Z CpSin - nh (32)

n=2,4,6,... n=3,57...
and the out-of-plane rotational deformation c(h) is given by Equation (34).
c(h) = Z cpcos -nh + Z cpSin - nh (33)

n=0,2,4,6,... n=1,3,57...

This formulation incorporates the essential displacement components required to represent
ovalization and warping in both circumferential and longitudinal directions. The transversely isotropic
relations describe these deformation mechanisms; although a fully anisotropic model is not employed,
the isotropic assumption adopted in this study sufficiently captures the fundamental bending—buckling
interaction of non-prismatic (tapered) shells. Accordingly, these equations provide a conceptual bridge
between detailed shell kinematics and the simplified regression-based representation developed in
Section 4.

2.6. Strength Estimation for Perfect Cylinders in Global Bending

Based on Chen et al. (2023), the axial elastic buckling wavelength is one of the key parameters in
evaluating the stability of thin cylindrical shells under axial compression. The following classical
strength formulations (Egs. 35 - 40) are summarised for prismatic cylinders and are used as theoretical
benchmarks in validating and interpreting the derived regression formulation. These equations describe
the elastic and plastic bending limits of idealised uniform shells. However, they do not explicitly account
for stiffness gradients or geometric non-uniformity introduced by tapering. Consequently, they provide
the analytical foundation for developing a generalised regression model capable of extending these
classical relationships to tapered geometries. The elastic buckling wavelength can be calculated by

7



Equation (35).
T

[12(1 - v2)]/*

This equation shows that the buckling wavelength depends on a combination of material
characteristics and geometric dimensions, such as radius and thickness. Furthermore, the classical elastic
buckling stress is used to determine the elastic limit of the material before plastic deformation occurs.
This stress is expressed as Equation (36).

Ay = Vrt = 1.728Vrt (34)

E t Et
= ——————20.605— (35)

o - =
4 BA-)T
In this equation, the elastic modulus E, Poisson's ratio v, radius r, and thickness t affect the amount
of buckling stress that can be achieved before the shell loses its elastic stability. For very long cylinders,
the critical bending moment can be calculated using the minimum strain energy principle formulated by
Brazier, such as Equation (37).

Mgra, = 0.987( )tzr = 1.035Et?r (36)

E
V1 —v?

This equation shows that the critical bending moment depends strongly on the elastic modulus of the
material and geometric factors such as the radius and thickness of the cylinder. However, in medium-
length cylinders, the effect of ovalization on the shell cross section is more controllable, so the critical
bending moment can be calculated as Equation (38).

E
M, =m (—> t2r = 1.90Et?r (37
V31 —v?)

This equation applies to conditions where the stress distribution and deformation remain uniform
throughout the cylindrical section. When the most compressed fiber reaches the yield stress, the bending
moment that occurs is given by Equation (39).

M, = nr?to, (38)

This equation reflects the direct relationship between the yield stress of the material (0,) and the
geometric dimensions of the cylinder (r and t). Finally, when full plastic deformation is achieved
throughout the cross-section, the full plastic bending moment can be expressed as Equation (40).

4 t\3 t\3
Mo =3%|(r+3) ~(-3) | >
These equations account for the strain distribution of the material and the effect of thickness on the
total bending capacity. Through the above set of equations, the mechanical behavior of thin cylindrical
shells under global bending conditions can be theoretically analyzed. This approach provides a solid
foundation for understanding various failure mechanisms that depend on the geometry and material
properties of the shell. Nevertheless, these equations inherently apply to prismatic shells and do not

capture taper-induced stiffness gradients, thereby motivating the regression model developed to
generalize these relations for tapered geometries.

2.7. Milestone Study

Following the classical review presented in the previous section, this part summarises key analytical,
numerical, and design-oriented studies on cylindrical and tapered shells to identify existing knowledge
gaps related to tapered geometries. The literature on the ultimate strength of wind turbine towers further
emphasises the importance of these structures within modern wind energy systems.



Figure 3. Various coordinate systems in wind turbine towers for analytical purposes (Wang et al., 2010).

Historically, research has been conducted both analytically (Feliciano et al., 2018; Hammad & Yu,
2024; Hegseth & Bachynski, 2019; Wang et al., 2010) as can be seen in Figure 3 and experimentally
(Deng et al., 2023; Dimopoulos & Gantes, 2012; W. Ren et al., 2022) as can be seen in Figure 4. FEM
has gained popularity in the analysis of wind turbine towers (Gentils et al., 2017; Hu et al., 2014;
Sadowski, 2019), due to their ability to simulate structural behavior with high accuracy and precision,
eliminating the need for complex manufacturing processes. This approach enhances the understanding
of wind turbine tower behavior under various loading conditions related to environmental factors,
facilitating a more effective preliminary design of the tower. Table 1 summarizes key developments in
research on the ultimate strength of wind turbine towers under various loading conditions.

Several studies focus on enhancing the structural analysis and design of wind turbine towers and
related structures by introducing advanced methods, such as thin-walled beam theory and hybrid beam-
shell finite element models. These methods enhance the accuracy of stress, displacement, and failure
predictions. Prior research highlights the importance of shell slenderness in buckling behavior and the
need to account for geometric imperfections. Additionally, previous studies address the balance between
reducing material costs through weight reduction and maintaining structural integrity, with
recommendations to avoid resonance and ensure long-term turbine reliability.

Figure 4. Experimental testing of the pipe for the wind turbine tower under combined load (Deng et al.,
2023).



Previous studies have demonstrated that shell tapering alters stiffness distribution and local buckling
modes, leading to a reduction in bending strength by approximately 10-25% depending on the taper ratio
(Hu et al., 2014). Further research has proposed optimization frameworks combining Finite Element
Analysis (FEA) and Genetic Algorithms (GA) to achieve more efficient and reliable support structure
designs compared with conventional methods. Several investigations also highlight the need to
incorporate realistic atmospheric and operational conditions in wind turbine tower models to improve
displacement and stability predictions. Additionally, innovations such as stiffened steel tubes, enhanced
methods for evaluating the strength of tapered columns, and advanced frameworks for dynamic response
analysis under extreme loading have contributed to improved design standards and overall structural
performance.

In summary, previous analytical, code-based, and FEM/empirical studies do not explicitly capture
the coupled influence of taper ratio and shell slenderness on ultimate bending capacity across practical
spans. This lacuna in the literature is the central motivation for the present study. While past research has
predominantly focused on cylindrical shells or curved panels, tapered geometries introduce additional
complexities such as variable stiffness distribution, non-uniform stress paths, and interaction effects
between axial compression and lateral bending. These characteristics fundamentally alter the local
curvature and sectional rigidity along the tower height, leading to nonlinear bending responses that
cannot be represented by formulations derived for uniform cylinders. Conventional models typically
assume constant radius and stiffness, which result in inaccurate estimations of stress concentration and
failure initiation points in tapered configurations. Therefore, a new formulation is required to quantify
the bending strength of tapered towers more accurately.

To address this gap, the present study adopts a comprehensive finite element framework to
systematically evaluate the ultimate bending capacity of tapered cylindrical shells. A large-scale
parametric study encompassing 900 models was conducted to quantify the influence of taper ratio,
diameter-to-thickness ratio, and shell slenderness. By integrating validated FEM simulations with
regression-based analysis, we derive an empirical design equation that explicitly incorporates taper
effects. This methodological framework, outlined in the next section, provides a reproducible and
rigorous foundation for practical preliminary design formulations. All governing equations presented
(Egs. 1 - 40) are intentionally retained to ensure theoretical continuity with the regression development
in Section 4. These relations collectively provide the analytic foundation required to generalise bending
capacity for tapered cylindrical shells.

Table 1. Remarks on the pioneer works in wind turbine towers.

Year Researcher(s) Title Subject Remarks
2010 Wang et al. Dynamic analysis of  Developmentofa  The study addresses
(2010) horizontal axis wind ~ mathematical limitations in existing

2012 Dimopoulos and
Gantes (2012)

turbine by thin-
walled beam theory

Experimental
investigation of
buckling of wind
turbine tower
cylindrical shells
with opening and

model to predict
the dynamic
performance of
wind turbine
systems.

Buckling behavior
of cantilevered
shells with
openings and
stiffening,
specifically on the
geometric

10

methods while providing
detailed insights into the
responses of flexible
components, which
previous models
overlooked. The
incorporation of thin-
walled beam theory
enhances the accuracy of
stress and displacement
calculations compared to
previous parameter
models.

The study highlights the
importance of shell
slenderness in buckling
behavior and found a
strong correlation between
experimental results and
numerical predictions for



2014 Huetal. (2014)

2017 Gentils et al.
(2017)

2018 Feliciano et al.
(2018)

stiffening under
bending

Effect of internal
stiffening rings and
wall thickness on the
structural response of
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optimize
component
designs.

Structural
response of wind
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conditions.

load-displacement curves
and ultimate loads.
However, strain
measurements did not fully
match due to the impact of
geometric imperfections
on buckling behavior.
The study emphasizes the
need to balance weight
reduction with structural
integrity. While reducing
wall thickness cuts
material costs, it increases
horizontal sway and von
Mises stress. The
researchers recommend
avoiding resonance at
varying tower heights to
ensure the longevity and
reliability of wind turbines.
It also emphasizes the
importance of considering
both static and dynamic
behavior in design to
optimize performance and
minimize costs.

The optimized geometry
from the integrated
approach is more advanced
than the initial design,
indicating improved
structural efficiency and
potential for enhanced
performance. Integrating
FEA and GA introduces a
novel approach that
simultaneously optimizes
all support structure
components, resulting in
more effective designs
than traditional single-
component methods.

The study emphasizes the
need to integrate realistic
atmospheric conditions
into structural analyses of
wind turbines, as the wind
turbines experience
different tower
displacements and
deflections depending on
atmospheric stratification
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and turbulence. The newly
developed generalized
analytical model
demonstrates strong
agreement with detailed
numerical simulations,
enabling the effective
estimation of tower
displacements based on
inflow velocity and
simplifying preliminary
design stages.

The semi-analytical
frequency approach
significantly improves
computational efficiency
compared to fully coupled
nonlinear time-domain
simulations. The paper
also emphasizes the
importance of accounting
for the tower's elasticity
and structural dynamics in
the design of floating wind
turbines and their mooring
systems.

The hybrid beam-shell
finite element model
enhances the efficiency
and accuracy of structural
analyses by realistically
estimating failure
conditions in selected
strakes. This approach
provides valuable insights
into the criticality of all
strakes in a tower
structure, helping identify
weak points and optimize
tower thickness under
various load cases.

The study demonstrates
that the use of stiffened
steel tubes in wind turbine
towers significantly
enhances structural
stability and resistance to
local buckling. It also
recommends updating
design standards to
account for stiffened steel
tubes, as current methods



2023 Deng et al.
(2023)

2024 Hammad and

Coupled behaviour
and strength
prediction of tapered
CFDST columns
with large hollow
ratios for wind
turbine towers

A semi-analytical

Evaluating the
performance of
TLHR-CFDST
columns under
complex combined
loads

Design and

often overestimate the
strength of unstiffened
tubes while neglecting the
advantages of stiffeners.
TLHR-CFDST columns
reduce weight and material
costs due to their tapered
design and high hollow
ratios. The study presents a
method for predicting the
ultimate strength of these
materials under combined
loads, highlighting that
current methods often
overestimate strength,
particularly for moderate
or small bending-to-torsion
ratios. It also examines
how axial compressive
ratio, tapered angle, hollow
ratio, and height-to-
diameter ratio affect load-
deformation and ultimate
characteristics of the
columns.

The study presents a novel

Yu (2024) approach for analysis of semi-analytical framework
dynamic responses of  offshore wind for evaluating the dynamic
monopile-supported  turbines (OWTs) responses of monopile-
offshore wind that must supported OWTs subjected
turbines subjected to  withstand extreme  to accidental loads. This
accidental loads and accidental approach enhances

loads, such as ship  understanding of structural
collisions and behavior under extreme
slamming waves. conditions and aids in
improving design
standards for offshore
wind energy infrastructure.
3. Methodology

3.1. Research Flowchart

The flowchart of the analysis for estimating the ultimate bending capacity of a steel tapered
cylindrical shell is presented in Figure 5. The initial problem is formulated by referencing earlier
literature studies and utilizing existing research findings. The material properties, interaction settings,
boundary, and loading conditions were applied to each tapered cylindrical shell model. AIST 1018 is
chosen as the material with varying yield stresses. The selected data was determined as the ultimate
bending moment from the simulation results, which were then normalized.
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Figure 5. Finite element method flowchart.

The subsequent processing of the normalized data through a nonlinear regression method facilitates
the determination of the correlation from all geometric parameters up to a specific order, thereby enabling
the calculation of the coefficients' values. A comparison was then made between the ultimate bending
capacity obtained from the derived formula and FEM simulations. The objective of this comparison was
to ascertain whether the derived formula could predict the ultimate bending of tapered cylindrical shells.
In addition, a detailed description of boundary conditions and material modeling has been provided to
facilitate reproducibility and enable benchmarking by other researchers. This description remains directly
relevant to the development and validation of the derived regression formula.

3.2. Finite Element Method

To validate the finite element method used in this research, validation is carried out by replicating the
study conducted by Yadav and Gerasimidis (2019) on the steel cylindrical shell instability under bending
load. This approach was employed because the numerical calculations were relatively straightforward
and enabled efficient computations. The geometry used to validate this research is illustrated in Figure 6.
The geometry used by Yadav and Gerasimidis (2019) is a cylindrical shell pipe with a length (L) of 20
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meters, a diameter (D) of 4 meters, and a diameter/thickness ratio (D/t) of 120. The deployed material is
medium carbon steel, characterized by a yield stress of 355 MPa, a Young's modulus of 210 GPa, and a
Poisson's ratio of 0.3. The Ramberg-Osgood plasticity model is used for material input in ABAQUS/CAE.
The result, which is the reaction moment, is then normalized by M = thay. D is the pipe diameter, ¢ is
the thickness of the pipe, and g, is the yield stress.

Figure 6. Boundary condition settings.

Table 2. Validation results.

Reference Normalized Moment
Yadav and Gerasimidis (2019) 0.952
Present Research 0.994
Difference (%) 4.4

The boundary condition used also followed a study conducted by Yadav and Gerasimidis (2019). At
the lower end of the pipe, there is no movement, so the ENCASTRE boundary condition (U; = U, = U3
= Uri = Ur2 = Ur3 = 0) is applied at the reference point at the bottom end. This boundary condition will
restrict the pipe from moving in any direction, turning it into a clamped support. At the top end, the pipe
can move on the x-axis, namely U; = Ur2 = Ur3 = 0. The material properties input into ABAQUS/CAE
include Young’s modulus, Poisson’s ratio, yield stress, and the plasticity of the material used in the model.
These properties can significantly impact the calculation of the ultimate moment for a cylindrical shell
pipe subjected to bending loads, as described in Equations (3 and 4).

The results presented in Table 2 indicate that the ultimate moment difference between the research
conducted by Yadav and Gerasimidis (2019) and the current study is similar. The difference in the
normalized moment between the two research studies is less than 5%, specifically 4.4%. The mesh
convergence study was also conducted using a replicated model from the study conducted by Yadav and
Gerasimidis. The geometry, materials, and boundary conditions were identical to the previous validation.
The elements used in this study were S4R shell elements (4-node doubly curved shell elements with
reduced integration), which were selected because the geometry was a cylindrical shell, allowing for
accurate and computationally efficient analysis. A full 3D model without symmetry assumptions was
used to capture the global bending response under pure bending loads. The nonlinear solver was executed
with standard convergence criteria, employing a force residual tolerance of 1x107 and a displacement
increment tolerance of 1x10, which ensured equilibrium convergence and stable numerical predictions.
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Figure 7. Mesh convergence results.

Figure 7 presents the mesh convergence study. For coarse meshes (200 mm, 150 mm, and 100 mm),
the predicted critical moment fluctuated significantly because the limited number of elements could not
adequately capture the curvature and stress gradients of the cylindrical shell. This produced an artificially
stiffer response and overpredicted the ultimate capacity. Once the mesh size reached approximately 55
mm (corresponding to about 90,000 elements), the discretization became sufficiently refined to represent
the stress distribution and buckling deformation pattern, and the results converged closely to the
convergence line. Further refinement to 45 mm and 35 mm (up to 200,000 elements) produced no
significant change in the critical moment, confirming that the ultimate bending capacity is insensitive to
additional refinement beyond this point. Therefore, a mesh size of 55 mm was chosen as the optimal
discretization, ensuring both accuracy and computational efficiency.

3.3. Case Configuration

The tapered shells are used according to their geometric variation, which is supported permanently
below the wind turbine tower. Therefore, the boundary condition used is a cantilever under a bending
load at the free end. The result that will be used is the residual speed, which is the maximum bending
moment achieved by each model. The configuration of the tapered pipe used in this study is shown in
Figure 8.

Figure 8. Case configuration.
Table 3 summarizes the geometric parameters used in this research. Nine hundred (900) different

models with varying and cross-combining geometric parameters were chosen. Four geometric variations
and a variation in material yield stresses were used in this research.
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Table 3. Geometric parameters for numerical simulations.

L (m) L/Do D1/Do Do/t a, (MPa)
10 20 0.25 10 355
30 100 0.5 50 315
50 200 0.75 100 285

300 150 235
400 200

3.4. Applied Materials

The material chosen in this research is the AISI 1080 steel. The material is picked as it is readily
available on the market. The material chosen has varying yield stresses to determine the effect of different
yield stresses on the tapered pipes. The Ramberg—the following Equation represents Osgood equation for
plasticity (41) (Kyriakides et al., 2008). The Ramberg-Osgood equation is a cyclic material law that
describes the material behavior under repeated loading. This equation can help predict how materials
deform and fail when subjected to cyclic stresses. The material properties of AISI 1080 used in this study
are presented in Table 4.

o 3/c\"!
A (40)
E 7\0y
Table 4. Material properties.
Material Modulus Young Yield Strength  Ultimate Strength Density
AISI 1018 210 GPa 355 MPa 455 MPa 7.840 kg/m?3
(Kyriakides et al.,
2008)

4. Result and Discussion
4.1. Effect of the tapered cylindrical shell variations

This section analyzes the effects of the applied variations on a tapered cylindrical shell structure
subjected to bending loads. The variations under observation are bending moment, maximum stress,
maximum strain, and maximum displacement for each sample. Only specific samples of the
configuration case were considered in the FEM.

4.2. Length Variations

The results of this variation were compared using a graph of bending moment versus curvature. The
selected model incorporates varying lengths while keeping the other parameters and material yield
stresses identical. The models exhibited different ultimate strengths in relation to the length of the tapered
cylindrical shell, as shown in Figure 9. The sample indicated that the ultimate bending moment rose as
the pipe length increased. This occurred because an increase in pipe size typically leads to a rise in the
moment of inertia, affecting the ultimate moment in bending scenarios. The formula for the moment of
inertia of a hollow cylinder is provided in Equation (42) (Beer et al., 2021).

V3
Iza(D‘*—d“) (41)

The graph in Figure 9 illustrates that the plastic deformation region was more significant in
geometries with greater lengths than those with shorter ones. This occurs because the length of the
geometry influences other geometric ratios, such as diameter and thickness, which can increase the area
prone to plastic deformation.

The results of each modelling were visualized using stress contours with deformation scale factors
applied to enlarge the displacements, with the sole purpose of improving clarity of the buckling mode
shape. This scaling does not affect the quantitative stress or displacement values. Figure 10 displays the
stress contours of tapered cylindrical shells with varying lengths (10 m, 30 m, and 50 m). In all cases,
the regions of highest stress concentration are observed near the fixed end of the shell, indicating this as
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the critical location for buckling initiation. While the overall stress distribution patterns are similar due
to consistent material and geometric properties, longer shells exhibit a more gradual spread of stress
along the height, whereas shorter shells concentrate stresses more locally at the base. This behavior
explains why the 10 m model reached its ultimate moment earlier, while the 50 m model sustained higher
loads before critical failure. The increase in bending moment from the plastic deformation phase to the
critical phase for the 50 m, 30 m, and 10 m pipes is 29%, 31%, and 39%, respectively. The highest
ultimate moment, 278.7 kN-m, was achieved with a pipe length of 50 m, as shown in Figure 9. This
represents more than a threefold increase compared to the ultimate moment of the 30 m pipe and an
extraordinary 131-fold increase compared to the 10 m pipe. This is due to the larger pipe's better thickness
ratio, which enhances its resistance to buckling under load.

Figure 11 illustrates the strain contours of tapered cylindrical shells with different lengths (10 m, 30
m, and 50 m). In all models, strain localization is clearly observed at the base of the shell near the fixed
end, consistent with the stress concentration patterns in Figure 11. The shorter shell (10 m) develops
sharper strain gradients, indicating a more abrupt deformation response, while the longer shells (30 m
and 50 m) display more distributed strain along the height. This distribution suggests that slender towers
dissipate deformation more evenly, allowing them to sustain higher ultimate bending moments before
failure. Figure 12 presents the displacement contours corresponding to the global buckling deformation
of the tapered cylindrical shells. The 10 m model exhibits a localized curvature near the fixed base,
characteristic of short-shell buckling behavior. By contrast, the 30 m and 50 m models show smoother
and more gradual bending shapes along the shell height, reflecting the increased flexibility and energy
dissipation capacity of longer towers. These displacement patterns explain the higher load-carrying
capacity observed in longer shells and reinforce the role of slenderness in governing global stability.

300 T T T T T T T T

250 H

200 4

150

100

Bending Moment (kN.m)

. . , . , : .
0.0 0.2 0.4 0.6 0.8 1.0
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Figure 9. Moment-curvature graph for the length (L) variation.
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Figure 10. Stress contours of tapered cylindrical shells with different lengths: (a) 10 m, (b) 30 m, and (c)
50 m.
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4.3. L/Dy Variations

The results of this variation were compared using a bending moment versus curvature graph, as seen
in Figure 13. The selected model incorporates varying L/Dy ratios while keeping the other geometric
parameters and material yield stresses identical. The graph shows that the ultimate moment increases as
the pipe’s bottom diameter increases (or the L/Dy ratio decreases). The highest bending moments
achieved for pipes with L/Dy ratios of 200, 300, and 400 are 4.097 kN-m, 9.750 kN-m, and 34.58 kN'm,
respectively. The increase is more noticeable between the pipes with L/Dy ratios of 200 and 300 than
between those with L/Dy ratios of 300 and 400. This is because the effect of increasing the ratio becomes
less noticeable as the value grows more prominent. The diameter or L/Dy ratio also affects the geometry’s
thickness ratio, making slenderer geometries more prone to collapse from buckling, accompanied by
yielding. This finding is consistent with the discovery made by Li and Kim (2022).

Figure 14 displays the stress contours of pipes with varying L/Dy ratios during the elastic phase,
plastic deformation phase, and critical phase. It can be observed that the stress contour with a slenderer
geometry had a wider distribution of stresses on the structure. As the slenderness increases, the effective
cross-sectional area resisting bending decreases relative to the length, making it easier for the pipe to
reach its yield point under lower moments. The reduced cross-section also means that even small loads
can induce noticeable deflections, which makes it more elastic.
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In Figure 15, the slenderer the pipe, the higher its maximum strain in its structure. A higher
slenderness ratio (larger L/Dy ratio) increases the likelihood of buckling earlier under load, as seen in
Figure 13, and can lead to higher strains. The strain distribution on the slenderer pipe is also non-uniform
due to varying moments of inertia along its length. This non-uniformity can lead to higher strains at the
end of high curvature.

Figure 16 shows the displacement contours for various L/Dy ratios. The figure shows that the slender
pipe or one with a higher L/Dy ratio exhibits more significant displacement under the same bending load
than the pipe with a larger diameter. This is due to the reduced moment of inertia associated with slender
designs, which makes them more flexible and prone to more considerable deflections. This aligns with
the strain contours, indicating a direct proportionality between strain and displacement.
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Figure 13. Moment-curvature graph for the length-to-bottom diameter ratio (L/Dy) variation.
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Figure 14. Stress contours of tapered cylindrical shells with different L/Dy ratios: (a) 200, (b) 300, and
(c) 400.
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Figure 15. Strain contours of tapered cylindrical shells with different L/Dy ratios: (a) 200, (b) 300, and
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Figure 16. Displacement contours of tapered cylindrical shells with different L/Dy ratios: (a) 200, (b)
300, and (c) 400.

4.4. D;/Dy Variations

The results of this variation were compared using a bending moment versus curvature graph, as seen
in Figure 17. The selected model incorporates varying D/Dy ratios while keeping the other geometric
parameters and material yield stresses identical. The graph shows that the ultimate moment also increases
with the increase in the diameter of the tapered pipe's upper section. This effect occurred due to varying
stress concentrations along its length, resulting from changes in diameter. The larger diameter sections
typically experienced higher stresses than the smaller diameter sections under the same bending load.

90000 1 1 1 1 L L L L 1
—u—0.75

1 =—e—0.5

75000

60000

g Moment (kN.m)
&
=
g
1 1

m

30000

Bend

15000

&b bt beh

T T T T T T T T T T T
0.00 0.05 0.10 0.15 0.20 0.25 0.30
Curvature (rad/L)

Figure 17. Moment-curvature graph for the variation in the upper diameter to bottom diameter ratio
(D1/Dy).

26



S, Hises
SHEG, (fraction
(Avu: 75%)

2 het 00
Fle 01

cale factor = 10

3, Misos
SNEG, (faction = -1.0)
(Avy: 75%)

Scale factor = 10

S, Hises
SNEG, (Maction = -1.0)
(Auy: 7 5%)

597 +01
Ba+01

+01

5
=

ZYINE
3
&

It

=

b
$4154

ﬂ;_rrwmmamw
Spgima
FEENTEY
i
]

bbbttt
4
k3

A

z x

Scale Factor = 5

5, Mises
SNEG, (fraction = -1.0)
(Avy: 7 5%)

+1.605:2+02
+1.2860+02
+2.6760+01
+6.AHe+01

3Re+01

£t

(@)

3, Wisos

SNEG, (fiaction = -1.0)

(Aves: 75%)
+3.600e+02

S, Mises
SHEG, (faction = -1.0)
(Avy: 75%)

(b)

(©)

5, Mises
SHEG, (fraction = -1.0)
(Ava: 75%)

5, Migns
SHEG, (fraction = -1.0)
(Av: 7 5%)

S, Hises
SNLG, (Maction = -1.0)
(Avy: 7 5%)

Figure 18. Stress contours of tapered cylindrical shells with different D1/Dy ratios: (a) 0.25, (b) 0.5, and

(c) 0.75.

Figure 18 shows the stress contour of pipes with varying D1/Dy ratios during the elastic phase, plastic
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deformation phase, and critical phase. The critical moments for pipes with D1/Dy ratios of 0.25, 0.5, and
0.75 are 9324.4 kN-m, 36119 kN-m, and 79366 kN-m, respectively, with increases from the plastic
deformation phase to the critical moment of 42%, 62%, and 85%. It can be observed that the increase
becomes more pronounced as the taper becomes more gradual. This is because a more gradual taper
makes the pipe more susceptible to buckling under load, which increases its resistance during the plastic
deformation phase before reaching the critical peak. Figure 18 also illustrates a shift in the stress
distribution along the pipe’s length. As the taper increases, the position of the cross-section under bending
shifts. Pipes with a steeper taper experience higher localized stresses at the transition points than those
with a more gradual taper. From the contours, it can be seen that in D1/Dg = 0.25, the red stress bands are
highly concentrated near the transition zone, while in D1/Dy is 0.5 and 0.75 the stresses spread more
gradually along the height, indicating a redistribution of load. The gradual taper results in a broader stress
field with smoother gradients, whereas the steep taper shows sharp stress localization, marking potential
failure zones

Figure 19 shows the strain contours of a tapered pipe with varying Di/Dy ratios. It can be observed
that the tapered pipe with a lower D1/Dy ratio (or steeper taper) exhibits higher peak strain. This occurs
because a steeper taper creates more significant stress concentrations at the transition points where the
diameter changes rapidly. A more gradual taper distributes stress evenly along the pipe's length, resulting
in a lower peak strain. The contour plots illustrate that the steep taper (Di/Dy = 0.25) leads to the
formation of intense, localized strain zones characterised by sudden colour transitions in the vicinity of
the diameter transition. Conversely, the gradual taper (Di/Do = 0.75) results in more uniform and subtle
alterations in strain colouration along the shell. This finding indicates that the steep taper undergoes more
localised deformation, whereas the gradual taper spreads the strain over a larger region.

Figure 20 shows the displacement contours of a tapered pipe with varying D/Dy ratios. It can be
observed that the steeper-tapered pipe experiences less displacement under bending loads compared to a
more gradual-tapered pipe. In a steeper-tapered pipe, the cross-sectional area decreases more rapidly,
which can reduce the overall resistance to bending. This reduction in stiffness contributes to increased
deflection under loading conditions. This results in lower displacements under similar loading conditions
compared to a more gradual taper.

As demonstrated by the displacement contours, the pipe with D1/Dy is 0.25 exhibits limited deflection,
localised in proximity to the base, with displacement colours concentrated in a diminutive zone.
Conversely, the pipe with Di/Dy is 0.75 demonstrates broader zones of high displacement extending
further up the shell, indicating global deformation. This visual difference underscores the pivotal role of
taper ratio in dictating whether the response is predominantly characterised by localised or distributed
displacement.
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4.5. Do/t Variations

The results of this variation were compared using a bending moment versus curvature graph, as seen
in Figure 21. The selected model incorporates varying thicknesses while keeping the other geometric
parameters and material yield stresses identical. The graph demonstrated that the ultimate bending
moment rose significantly with an increase in thickness (or a decrease in the Do/t ratio). This is because
a thicker geometry possesses a much higher moment of inertia, allowing it to endure considerably greater
bending stresses up to its yield point. It was also evident that the plastic deformation region in thicker
geometries was significantly more prominent than in thinner ones. Increasing a structure's thickness
expands the area that can undergo plastic deformation, allowing for a more extensive deformation zone.
Figure 21 also shows the bending moments during the critical phase for pipes with Do/t ratios of 50, 100,
150, and 200, which are 7812.6 kN-m, 3805.6 kN-m, 2455.4 kN-m, and 1797.7 kN-m, respectively. The
increases from the plastic deformation phase to the critical moment are 18%, 15%, 12%, and 20%,
respectively.

Figure 22 shows the stress contours of pipes with different Do/t ratios during the elastic, plastic
deformation, and critical phases. A shift in stress distribution is observed, with the maximum stress at
the top moving toward the ends and at the bottom shifting toward the center due to bending, where one
side is in tension and the other in compression. The contours indicate that thicker pipes (lower Do/t)
develop broader stress regions with smoother gradients. In comparison, thinner pipes (higher Do/t)
display narrow, high-intensity stress bands concentrated near the base and wall edges, indicating a greater
tendency toward local buckling.

The corresponding strain contours in Figure 23 show that thinner shells exhibit sharper and more
localized strain, particularly near the top region where stresses are highest. In contrast, thicker shells
display more diffuse and evenly distributed strain across the section. This confirms that strain localization
intensifies as wall thickness decreases, making thinner shells more prone to early deformation. Figure 24
presents the displacement contours. Thin shells (higher Do/t) experience larger global deflections
extending along the shell height, while thicker shells deform in a more localized manner near the loaded
region. This behavior is explained by the higher moment of inertia of thicker pipes, which increases
stiffness and reduces overall deflection under bending.
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Figure 21. Moment-curvature graph for the variation of bottom diameter to thickness ratio (Do/t).
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Figure 22. Stress contours of tapered cylindrical shells with different Do/t ratios: (a) 50, (b) 100, (c) 150,
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Figure 24. Displacement contours of tapered cylindrical shells with different Do/t ratios: (a) 50, (b) 100,
(c) 150, and (d) 200.

4.6. Yield Stress Variations

The results of this variation were compared using a bending moment versus curvature graph, as seen
in Figure 25. The selected model incorporates varying yield stress while maintaining identical geometric
parameters. It can be observed that higher yield stresses correspond to higher ultimate bending moments.
Higher yield stresses enable the tapered pipes to withstand greater bending moments before yielding or
failing. Figure 25 also shows that the pipes exhibit similar bending strength until the plastic deformation
phase, as they share the same material properties except for their yield stress. The highest critical moment
is observed in the pipe with a yield stress of 355 MPa, reaching 278.7 kN-m, while the lowest is in the
pipe with a yield stress of 235 MPa, with a moment of 196.1 kN-m. The average increase in the moment
from the plastic deformation phase to the critical phase is 24%.
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Figure 25. Moment-curvature graph for the material yield stresses (o) variation.
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Figure 26 shows the stress contours of pipes with varying yield stresses (355, 315, 285, and 235 MPa)
across the elastic, plastic, and critical phases. Pipes with higher yield stress sustain broader elastic regions
before yielding, as indicated by wider areas of uniform stress distribution. In contrast, lower yield stress
pipes exhibit localized high-stress zones near the fixed base at earlier stages. This finding lends further
credence to the hypothesis that higher yield strength enables the shell to withstand greater bending loads
prior to plastic deformation.

The corresponding strain contours in Figure 27 demonstrate that, despite the overall distribution
patterns remaining similar due to identical geometry, the peak strain values differ. The pipe with a yield
stress of 355 MPa develops more widespread strain zones along its height, while the pipe with a yield
stress of 235 MPa shows sharper and more localized strain near its base. This emphasizes that stronger
materials can accommodate greater deformation before local buckling occurs. Figure 28 provides further
illustration of the displacement contours, whereby higher yield stress pipes demonstrate larger global
deflections extending along the shell, whilst lower yield stress pipes undergo localized displacement
concentrated at the base. Collectively, these observations indicate that increasing yield stress not only
raises the ultimate bending capacity but also alters the deformation behaviour, allowing more distributed
stress, strain, and displacement patterns before critical failure.
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Figure 26. Stress contours of tapered cylindrical shells with different yield stresses: (b) 355 MPa, (b)
315 MPa, (c) 285 MPa, and (d) 235 MPa.
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Figure 27. Strain contours of tapered cylindrical shells with different yield stresses: (b) 355 MPa, (b)
315 MPa, (c) 285 MPa, and (d) 235 MPa.
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Figure 28. Displacement contours of tapered cylindrical shells with different yield stresses: (b) 355 MPa,
(b) 315 MPa, (c) 285 MPa, and (d) 235 MPa.

4.7. Adaptation of Classical Formulations for Tapered Shells

The majority of classical analytical formulations that describe the bending and buckling of cylindrical
shells were initially developed for prismatic geometries with uniform cross-sections and constant wall
thickness. Such formulations include Brazier's moment for ovalization-induced stiffness reduction,
Timoshenko's elastic buckling for thin-walled cylinders, and the Reference Resistance Design (RRD)
framework for plastic collapse. These theories inherently neglect the geometric non-uniformity and
stiffness variation along the shell axis that characterise tapered configurations.

In the present study, these classical frameworks were not directly implemented; instead, they were
conceptually adapted to account for the influence of tapering through key non-dimensional parameters
(L/Do, D1/Do, and Do/t). The fundamental physical interpretations of bending stiffness and local shell
slenderness from the classical models were retained. At the same time, geometric non-uniformity was
introduced by allowing the radius and wall thickness to vary along the shell length. This enables the
FEM-based parametric analysis to inherently capture the nonlinear stiffness distribution and stress
gradients induced by tapering, thus extending the applicability of classical shell theory to non-prismatic
configurations.

Large-scale finite element method (FEM) simulations thus serve as a numerical extension of these
classical theories, evaluating the evolution of established bending-buckling relationships under
geometric non-uniformity. The resulting moment-curvature behaviour obtained from the finite element
method (FEM) provides the quantitative foundation for the regression analysis presented in Section 4.2.
This analysis generalises the classical formulations by embedding the taper ratio and shell slenderness
into a unified predictive expression. Consequently, while the Brazier-Timoshenko-RRD formulations
remain valuable for conceptual understanding and validation, they are here extended and reinterpreted
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within a non-prismatic framework. The proposed regression model can thus be regarded as a generalized
formulation of bending resistance that accounts for taper-induced stiffness gradients, thereby effectively
bridging the gap between idealised analytical solutions and realistic tapered wind turbine tower
geometries.

The transition between elastic and plastic responses in tapered shells follows a progressive
deformation sequence, further supporting this theoretical adaptation. When subjected to bending loads,
the structure initially exhibits elastic buckling behaviour, as predicted by Timoshenko's theory, with a
stiffness distribution that conforms to this theory. As the curvature increases, local yielding commences
in regions of larger diameter, consistent with the stiffness reduction associated with Brazier's ovalization
mechanism. At this stage, the results of the non-linear finite element method (FEM) capture stress
redistribution and the formation of plastic hinges until global collapse. This is consistent with the plastic
resistance concept described by the RRD framework. This sequential evolution from elastic to plastic
regimes validates the physical consistency of the selected non-dimensional parameters (L/Do, D1/Do, Do/t,
and o,) and supports their role in representing both geometric stiffness variation and material yielding
effects.

The isotropic elastic-plastic model employed in this study provides a controlled framework for
isolating and quantifying these fundamental behaviors. Although weld-induced imperfections and
residual stresses, which are typical of practical steel towers, were not explicitly modelled, this
simplification enables the focus to remain on the geometric and material nonlinearities governing global
bending capacity. The incorporation of such fabrication-related effects would necessitate additional
assumptions and manufacturing-specific data, which are reserved for future work. Nevertheless, the
present findings establish a robust theoretical and numerical foundation upon which subsequent
investigations may assess imperfection sensitivity and practical design margins for real wind turbine
tower structures.

4.8. Regression Analysis

The nonlinear kinematic, theoretical strength physically guides the regression formulation developed
in this section, and plastic collapse relations discussed in Section 2. These formulations establish the
functional dependence of bending capacity on geometric ratios and yield stress, which are incorporated
in the regression equations (Eqs. 43 - 45) as governing non-dimensional parameters (L/Do, D1/Do, Do/t,
and o,). Conversely, the Reference Resistance Design (RRD) and transversely anisotropic elasticity
formulations are not directly applied, but they serve as a supporting theoretical background for a
comparative understanding. The correlation between these governing equations and the proposed
empirical model is summarized in Table 5. While the classical analytical equations (Egs. 35 - 40) provide
a theoretical framework for prismatic shells, they are limited in their ability to represent geometric non-
uniformity and taper-induced stiffness variation. It is evident that the regression-based formulation
developed herein functions to generalize the classical theories into a unified empirical model. This model
is capable of predicting the ultimate bending capacity of tapered cylindrical shells.

To ensure comparability among models with varying geometric and material properties, the reaction
moment obtained from FEM simulations was normalized by M,, = thay. This normalization provides
a dimensionally consistent and physically meaningful scaling that isolates the geometric and material
influences on bending capacity. It also aligns with established shell bending conventions, allowing direct
comparison between the present tapered configurations and classical prismatic cases. While additional
deformation indicators, such as ovalization and displacement profiles, were monitored for qualitative
validation, they were not included in the normalization, as their effects are inherently reflected in the
moment—curvature relationship. Therefore, normalization by thay is deemed sufficient for FEM

validation and ensures consistent interpretation of regression results across all configurations.

Table 5. Correlation Between Governing Equations and the Developed Regression Model.

Source Theoretical Concept Role in Regression Model
Eq. (1-6) Nonlinear kinematics describing Serves as the theoretical foundation for defining
curvature—strain—moment the bending moment parameter in the regression

relations and  deformation equations (Eqgs. 43-45), linking curvature (x),
compatibility in  cylindrical stiffness (EI), and slenderness (L/Dg) to the

shells. ultimate bending response.
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Eq. (7-9) Theoretical strength estimation

for cylindrical shells under

bending and axial stress.

Eq. (10-11)  Plastic collapse theory defines
the transition from elastic to fully
plastic bending and the ultimate
moment (M,).

Eq. (12-15)

Normalized moment capacity

formulation to eliminate
geometric scaling bias.
Eq. (16-17)

Reference Resistance

(RRD)

Design

incorporating  partial
resistance factors (¢, Rm).

Eq. (35-40)  Transversely isotropic bending

formulation for composite or

anisotropic shells.

Provides the geometric dependency formulation
implemented in Eq. (44), establishing how
diameter-to-thickness ratio (Do/t), taper ratio
(D1/Dy) , and yield stress (o,) influence the
ultimate moment capacity.

Defines the ultimate capacity criterion used as the
dependent variable in Egs. (43 - 44), representing

the limit-state bending strength of the shell.

Provides the normalization scheme adopted in Eq.
(45) to express the regression in non-dimensional
form M/(oy Do t), ensuring physical consistency
across configurations.

Serves as a comparative reference for validating
the regression predictions, Eqgs. (43 - 45) against
established design-based strength formulations.
Included as a contextual background, not applied
directly in Egs. (43 - 45) since the current study

assumes isotropic metallic material.

4.9. Derived Formula

A forecasting formula was derived to predict the ultimate bending capacity of tapered shells based on
900 FEM results, with a normalization constant (0.875) introduced to align analytical and numerical
predictions. In this formulation, L denotes the shell length [m], D, the bottom diameter [m], D; the top
diameter [m], t representing wall thickness [m], g, representing material yield stress [MPa], and M the

ultimate bending moment [KN.m]. The analysis further considers the dimensionless ratios (Di), (%), and
0 0

(%). Within the multiplicative forecasting framework, the regression coefficients a, b, ¢, and d were
identified, and the resulting expression is presented in Equation (43).
b c da 3
) () () (G 10 =
Do/ \Dq t 0.875

The regression exponents a, b, and cin Equation (43) represent geometric sensitivity coefficients
corresponding to slenderness (L/D,), taper ratio (D, /D), and diameter-to-thickness ratio (D,/t). Their
signs and magnitudes reflect the physical influence of these parameters on bending strength: higher
slenderness and thinness reduce capacity, while larger taper ratios enhance it. These relationships are
consistent with classical shell bending theories, confirming that the regression model preserves the
underlying mechanics governing ultimate strength in tapered cylindrical shells.

Based on 900 data points, the regression analysis was conducted by varying the independent variable
against the dependent variable, represented as the ultimate moment. Regression analysis yielded an R?
and adjusted R? of 0.981, indicating that the cubic polynomial model accurately predicted the dependent
variable with 98.1% accuracy. The cubic form was selected for its ability to capture the nonlinear
relationship between variables, providing greater flexibility in representing the distributed data. The

coefficient values for each variable were calculated and listed in Table 6. The forecasting formula can be
seen in the following Equation (44).

(42)
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Table 6. Regression analysis summary.

Constant Unstandardized Coefficient R? Adj. R?
L D, Dy

3.221 -2.999 1.694 -1.153 0.981 0.981
-2.999 1.694 -1.153 3

I I
Dy Dy t 0.875

The equation shows that all geometric parameters influence the ultimate strength of the tapered pipe,
with the slenderness ratio being the primary determinant of structural capacity. The diameter and
thickness ratios contribute secondarily but remain relevant to overall strength behavior. To maintain
dimensional consistency, the combined term (g, . L?) was normalized using a reference constant (0.875)
with identical units, producing a dimensionless variable that improves numerical stability while
preserving physical meaning. The multiplicative constant 10° in Equations (43 - 44) represents the back-
transformed intercept from the logio regression and is therefore required to recover predictions on the
original moment scale. This factor ensures dimensional consistency and preserves the physical scaling
of the moment-geometry relationship. Its inclusion does not affect relative scaling across the studied
geometrical domain, as verified through residual diagnostics, but extrapolation to extreme geometries
beyond the calibrated range may lead to increased uncertainty. Dimensional consistency and parameter
sensitivity were verified to ensure physically realistic predictions across the full geometric range.

4.10. Derived Formula Dimensional Check and Normalization
In Equation (44), the factor o;,L? has units of moment [F - L] since [0,] = [F/L*] and [L3] = [L?].
All other multipliers and the geometric ratios are dimensionless, so M,, retains the correct units. For a

section-based normalization with M, = ayDét, the same model becomes Equation (45).
b c+1

a+3
My _ o (i) (&) (&) (45)
M, Dy Dy t
where C' = 018—0:5 which is the re-parameterization of the same model (no refit, no change in predictions).

4.11. Derived Formula Validation

The validation of Equation (7) was conducted by comparing the ultimate bending capacity obtained
from numerical simulations with the predictions of the derived regression formula, as presented in Figure
29 and Tables 7-8. The results show a high level of agreement, with an average percentage difference of
approximately 4.85% and most deviations remaining below 10%. This confirms that the proposed
regression model accurately predicts the ultimate bending moment across various configurations and
demonstrates strong consistency with the FEM database. The slight deviation between analytical and
numerical results indicates that the derived formula effectively captures the nonlinear influence of taper
geometry and material yield stress on the structural response. Minor discrepancies exceeding 10% were
observed only when the taper ratio approached unity or when the wall thickness was excessive, leading
to localized stiffness variations that are not fully represented by the regression parameters. Validation
using additional geometric configurations beyond the regression set further verified the model’s
predictive capability.
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Figure 29. Comparison of the derived formula to FEM.

Table 7. Validation of the derived formula.

Length  L/Dg Di/Do Do/t ay Ultimate Moment (kN.m) Difference (%)
(m) FEM Derived Formula
15 30 0.75 60 355 511.7 461.6 9.79
20 125 0.6 80 355 7.356 7.446 1.23
20 250 0.4 160 355 0.199 0.211 5.63
25 25 0.4 60 355 123.8 127.3 2.82
35 140 0.3 125 355 4.872 5.248 7.71
35 250 0.8 140 355 4.333 4.261 1.67
40 40 0.6 80 355 1981 1816 8.32
40 80 0.7 125 355 189.3 176.3 6.88
40 250 0.6 160 355 3.304 3.349 1.38
60 40 0.45 120 355 2433 2359 3.06
Average difference (%) 4.85

Table 8. Samples of variations outside the selected range in Equation (45).

Length  L/Dy Di/Do Do/t ay Ultimate Moment (kN.m) Difference (%)
(m) FEM Derived Formula
10 20 1 10 355 5617.5 6782 20.72
10 100 0.75 10 355 25.7 333 29.87
10 300 0.25 10 355 0.27 0.19 29.73
30 20 1 10 355 152705 183113 19.91
30 200 0.5 10 355 44.52 56.7 27.35
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30 300 1 50 355 6.63 8.49 28.05

50 20 0.5 10 355 187507 262022 39.74
50 100 1 200 355 185.25 214.39 15.73
50 200 0.75 10 355 396.47 521.68 31.58
50 400 1 100 355 6.38 7.46 16.89

L —-2.999 D1 1.694 DO —-1.153 o. . L3 D D
M=(= 2 = Y 1103221 for 0.3 < —< 08and—>50 (44)
<D0> <D0> ( ¢ ) <0.875> for03 =g = 08and=72

To ensure accurate predictions of the ultimate bending capacity, it is essential to define the practical
limitations and provide recommendations for the application of the derived formula. Several models with
variations in slenderness ratio and taper degree confirmed that the difference between FEM and analytical
results remains below 10% within the valid range. However, higher deviations may occur at extreme
geometries, emphasizing the importance of applying the formula within the recommended bounds of 0.3
<D1/Do <£0.8 and Do/t > 50. Although the regression was calibrated using 900 datasets to capture overall
behavior, reliable use should remain within these limits to maintain accuracy and stability.

The findings of this study substantiate the hypothesis that the proposed regression model is
statistically robust and practically viable within the recommended domain. However, it is imperative to
acknowledge that beyond the geometric applicability limits, further methodological considerations must
be recognized. The validation results demonstrate the consistency of the derived regression formula with
finite element simulations and reference studies, exhibiting a maximum discrepancy of 5% in the
majority of cases. The regression formula effectively captures the influence of geometric parameters and
yield stress. This demonstrates that the proposed expression can reliably approximate the ultimate
bending moment while significantly reducing computational demand compared to full-scale FE
simulations. Concurrently, a series of simplifying assumptions were implemented, encompassing the
utilization of an isotropic elastic plastic material model, pure bending loads, and clamped free boundary
conditions, whilst disregarding the consideration of initial imperfections or combined loading. These
assumptions were deliberately chosen to isolate the influence of taper ratio and shell slenderness while
maintaining computational efficiency. Furthermore, although mesh sensitivity was observed for coarse
discretization, a mesh convergence study confirmed that results converge and become insensitive once
the mesh size reaches approximately 55 mm. Notwithstanding the aforementioned limitations, the present
study contributes a validated and computationally efficient prediction tool, providing a solution to the
lack of simple design-oriented formulas for tapered cylindrical shells under bending.

5. Conclusions

A comprehensive series of ultimate strength analyses of tapered pipes was performed by varying and
cross-combining the pipe length, the length-to-bottom-diameter ratio, the upper-to-bottom diameter ratio,
the bottom diameter-to-thickness ratio, and the yield strength of the material. The analyses were
conducted using the finite element method. From these results, a novel regression-based empirical
formula was explicitly developed for tapered pipes to predict their ultimate bending capacity,
representing a new contribution that extends beyond existing prismatic shell theories.

e The shape of tapered pipes, with varying geometric parameters such as length, slenderness ratio,
degree of taper, and thickness, significantly influences both the ultimate strength and the critical
failure modes of the pipe when subjected to a bending load.

e  The cubic polynomial formula offered a highly accurate model for predicting the ultimate strength
of the model under bending load, as it can capture the nonlinear relationship between dependent
and independent variables, offering more flexibility and value for analyzing diverse data in a broad
range of conditions.

e  The newly derived formula, obtained through regression analysis of 900 FEM cases, provides an
efficient and reliable design tool that substantially reduces the time required to predict bending
capacity compared with full numerical simulations.

e  The formula is currently applicable to hollow tapered pipes within the calibrated geometric and
material ranges, ensuring accurate and physically consistent results. Future work should focus on
extending the formulation to include fabrication-related imperfections, residual stress effects, and
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dynamic environmental loading, thereby broadening its applicability for practical offshore and
wind-turbine tower designs.
This study thus introduces a geometry-sensitive and validated predictive formulation for tapered pipes,
bridging the gap between classical analytical models and modern computational methods in offshore and
wind-turbine structural design.
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